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ABSTRACT. The paper introduces (in our knowledge first) attempt to
define the concept of factorization within the Dempster-Shafer theory
of evidence. In the same way as in probability theory, the presented
concept can support procedures for efficient multidimensional model
construction and processing. The main result of this paper is a fac-
torization lemma describing, in the same way as in probability theory,
the relationship between factorization and conditional independence.

1 Introduction

It was at the beginning of 80’s of the last century when I first heard about
Dempster-Shafer theory of Evidence, and it was Petr Hajek who was lecturing
on this topic. In fact it was him who organized (and still is organizing) a
series of working seminars (so called Hajek’s seminars) at the Institute of
Mathematics of the Czechoslovak Academy of Sciences, where not only me
but many regular attendees from several research and university institutions
heard about some interesting topics first time.

To tell the truth, in those days, when mainframe computers with several
hundreds of kilobytes of memory represented the best available computational
technique, I considered Dempster-Shafer theory to be a rather academic topic.
At that time I could not imagine that a model with super-exponential space
complexity could ever be applied to problems of practice. And yet, in the
second half of 80’s, Petr Hajek became an enthusiastic booster of this tech-
nique [H4;j87, H4;92, HH92b, HH92a, H4j93, H4j94]. And as it has appeared
later he was right. Since that time the computational tools have empowered
in such a way that these models have become computationally tractable.

Naturally, before Dempster-Shafer models started being employed to prob-
lems of practice, there was a great flowering of probabilistic (and also possi-
bilistic) models with their exponential computational complexity. This was
because a substantial decrease of computational complexity was achieved
with the help of models taking advantage of the concept of conditional in-
dependence. So, representing multidimensional probability distributions in a
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form of Graphical Markov Models (GMMs) (e.g. Bayesian networks) made
it possible to store in a computer memory distributions of hundreds (or even
thousands) of dimensions. However, studying properly probabilistic GMMs
one can realize that it is not the notion of conditional independence that
makes it possible to represent these models efficiently. The efficiency is based
on the notion of factorization, which in probability theory (due to factor-
ization lemma presented here as Lemma 1) coincide with conditional inde-
pendence. Going into details, one can notice that the notion of factorization
has been introduced in several different ways in probability theory, and some
others can still be studied.

This is why in this paper we shall first briefly analyze the notion of factor-
ization in probability theory and only afterwards will generalize the simplest
definition for the Dempster-Shafer theory of evidence.

2 Probabilistic Factorization

In this section we recall several notions from probability theory, which served
as an inspiration for the considerations presented in the further parts of this
paper. Here, we will consider a probability measure 7 (or v/) on a finite space

Xy =X; XX X...XX,,
i.e. an additive set function
m: P(Xy) — [0,1],

for which 7(Xy) = 1. For any K C N, symbol 7% will denote its respective
marginal measure (for each B C Xg):

mH(B)= Y w(A),
ACXy
AlK=p

which is a probability measure on subspace

Let us remark that for K = () we get 7% = 1.
An analogous notation will be used also for projections of points and sets.

For a point © = (x1,22,...,z,) € Xy its projection into subspace Xy will
be denoted
o = (m4ek)

and for A C Xy
A =y e X o e A 2K =y}
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Consider a probability measure 7 and three disjoint groups of variables
Xg = {Xi}iEKa X = {Xi}ieL and Xy = {Xi}ieM (K,L,M C N, K 7&
() # L) having their values in X, X, and Xy, respectively. We say that X
and X, are conditionally independent given Xj; (with respect to probability
measure 7) if for all x € Xxurum

ﬂ,lKuLUM(x) _ﬂ_LM(IiM) — ﬂ,lKUM(leUM) ,ﬂ_iLuM(leuM).

This property will be denoted by the symbol K 1L L| M [r]. In case that M =
() then we say that groups of variables X and X are (unconditionally®)
independent, which is usually denoted by a simplified notation: K 1 L [x].

As already mentioned in Introduction, the notion of factorization is intro-
duced in probability theory in several different ways, and therefore we will
use some adjectives to distinguish them from each other. The properties pre-
sented further in this section as lemmata and corollaries can be either found
in [Lau96] or can be directly deduced as trivial consequences of properties
presented there.

Simple factorization

Consider two nonempty sets K, L C N. We say that w factorizes with respect
to (K, L) if there exist two nonnegative functions

¢ : Xg — [07+OO) and '(/J XL — [07 +OO)7
such that for each x € X1 the equality?
i (2) = ¢(2') -y (ath)

holds true.

LEMMA 1 (Factorization lemma) Let K,L C N be nonempty. © factorizes
with respect to (K, L) if and only if K 1L L [r].

COROLLARY 2 7 factorizes with respect to (K, L) if and only if

ﬂ_LKUL(x) _ ﬂ_lK(le) . ﬂ_lKUL(le\K|leﬂL),
for all x € Xgyr.

COROLLARY 3 Let w1, mg, 73, ... be a sequence of probability measures each
of them factorizing with respect to (K, L). If this sequence is convergent then
also the limit measure lim 7; factorizes with respect to (K, L).

Jj—+oo

1Some author call it marginal independence.
2 As usually, we do not distinguish between a singleton set and its element, so = stands
also for {z}, and z!¥ is the only element from {z}!.
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Multiple factorization

Consider a finite system of nonempty subsets K1, Ko, ..., K, of aset V. We
say that m factorizes with respect to (K1, Ko, ..., K,) if there exist p functions

(1=1,2,...,p)
¢i : XKi — [O,+OO),
such that for all z € X, u..uk,

P

7_‘,lKlU...UK][, (x) — H¢l(ajiK1)

=1

REMARK 4 In this general case one can (using Lemma 1) derive a system
of conditional independence relations valid for a measure m factorizing with
respect to (K1, Ko, ..., Kp) but no assertion that could be considered o di-
rect analogy to any of the preceding Corollaries hold true. This is why the
following type of factorization is often considered.

Recursive factorization

Consider a finite system of nonempty subsets K, K, ..., K, of aset N. We
say that 7 recursively factorizes with respect to (K1, Ko, ..., K,) if for each
i=2,...,p w (simply) factorizes with respect to the pair

(KiU...UK;_1, K;).

REMARK 5 Using Corollary 2 iteratively one can get a formula express-
ing the multidimensional measure w19 YEs ith the help of its respective
marginals®

P
qiEU UKy (:L‘) — H Py (lei\(KlU-uUKi—l) |le'im(K1U~-UKi—1)).

i=1

So we are getting a trivial assertion saying that if ™ recursively factorizes with
respect to K1, Ko, ..., K, then it also factorizes with respect to this system
of subsets. Let us stress that recursive factorization is much stronger than
multiple factorization. For example, for recursive factorization an analogy to
Corollary 3 holds true.

3Read (K1 U...UKp) as 0.
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Marginal factorization

Marginal factorization, which is introduced in this paragraph is usually not
considered by other authors. It is weaker than the recursive factorization
(and in a sense stronger than factorization).

Consider a finite system of nonempty subsets K, Ka,..., K, of a set
N. We say that m marginally factorizes with respect to (K1,Ka,...,K),)
if 7HE1YUKy is uniquely given by its marginals 7wt 7t52  7lEs  More
precisely, for this type of factorization we assume that there exists a func-
tion F such that

,/TJ,KlLJ‘..UKp _ ./T(T("LKI , 7T"LK2, e ﬂ-lKP).

As an interesting example of this type of factorization may serve the fol-
lowing function* F

]-'(7rlK1,7rlK2, e ,WlKP) = argmax{H(v)},

where the maximization is performed over all measures v on Xg,u...u K, for
which v = gl Pl — glKs LKy — gl Ky

REMARK 6 It is obvious that this type of factorization strongly depends on
the function F. Generally, no factorization lemma holds true for marginal
factorization. However, if one considers a “reasonable” function F (for ex-
ample if it is continuous in a sense) then Corollary 3 holds true.

Decomposition

We say that a sequence K1, Ko, ..., K}, meets the running intersection prop-
erty (RIP) if for all ¢ = 2,...,p there exists j,1 < j < i, such that

Kiﬁ(Klu...UKi,l)QKj.

LEMMA 7 (Decomposition lemma) If (K1, Ko,...,K,) meets RIP, then m
factorizes with respect to (K1, Ka, ..., Kp) if and only if it recursively factor-
izes with respect to (K1,Ks, ..., K,).

In the literature, measures factorizing with respect to systems of sets meet-
ing (after a possible reordering) RIP are usually called decomposable mea-
sures.

4H denotes the classical Shannon entropy

Hy)=- Y v(2)log(v(z)).

z:v(xz)>0
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REMARK 8 It is interesting to motice that all these definitions coincide if
one considers only two sets of indices: © factorizes with respect to (K, L) if
and only if it marginally factorizes with respect to (K, L). Notice also that
a two-element sequence meets always RIP. This is why not many authors
distinguish different types of factorization.

3 D-S Theory—Notation

As in the previous section, we consider a finite multidimensional frame of
discernment

XN:X1 XX2X~-~XXn7

and its subframes Xp. Consider K, L C N and M C K. In addition to a
projection of a set A we will need also an opposite operation, which will be
called a join. By a join of two sets A C X and B C X, we will understand
a set

A®B:{x6XKuL:a:LK€A & leEB}.

Let us note that if K and L are disjoint, then A® B = Ax B, if K = L then
AR B=ANB.

In view of this paper it is important to realize that if x € C' C Xk, then
¥ ¢ WK and x't € ¥ which means that always

CCcCcEgolr.

However, and it is important to keep this in mind, it does not mean that
C = CY¥ @ CE. For example, considering 3-dimensional frame of dis-
cernment Xy; o3y with X; = {a;,a;} for all three i = 1,2,3, and C' =
{ajasa3,a1a2a3, a1a2a3} one gets

OHL2t @ OH23} = {aya9, @102} ® {azas, azas}
= {a1asa3,a1a2a3, a1a2a3, a1asas} 2 C.

In Dempster-Shafer theory of evidence several measures are used to model
the uncertainty (belief, plausibility and commonality measures). All of them
can be defined with the help of another set function called a basic (probability
or belief) assignment m on X, i.e.

m: P(Xg) — [0,1]

for which }7,-x, m(A) = 1. Since we will consider in this paper only
normalized basic assignments we will assume that m()) = 0. Set A C X is
said to be a focal element of m if m(A) > 0.
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Analogously to marginal probability measures we consider also marginal
basic assignment of m defined on Xpy. For each K C N a marginal basic
assignment of m is defined (for each B C Xg):

ACXy
AlK=B

Considering two basic assignments m; and ms defined on Xg and X, re-
spectively, we say that they are projective if

IKNL LKNL
my =my .

4 Independence and factorization in D-S Theory

Let us now present a generally accepted notion of independence ([YSMO02a,
She94, Stu93)).

DEFINITION 9 Let m be a basic assignment on Xy and K,L C N be
nonempty disjoint. We say that groups of variables X and X are indepen-
dent® with respect to basic assignment m (in notation K 1L L [m]) if for all
ACXkuL

mHE (A B (ALY if A = AVK x AL
0 otherwise.

miKUL(A) _ {

There are several generalizations of this notion of independence corre-
sponding to conditional independence (see for example papers [YSMO02b,
CMW99, KI1i06, She94, Stu93]). In this text we will use the generaliza-
tion, which was introduced in [JV] and which differs from the notion used in
[YSMO2b, She94, Stu93]).

DEFINITION 10 Let m be a basic assignment on Xy and K,L,M C N
be disjoint, K # () # L. We say that groups of variables Xx and X
are conditionally independent given Xp; with respect to m (and denote it by
K I LM [m)), if for all A C Xgurum:

o if A= AWM g ALLUM thep

leuLuM(A) . mlM(ALM) _ leuM(ALKUM) 'mLLUM(AlLUM),

o if A £ ALKUM @ ALLUM thep ppl KULUM (4) — (),

5Couso et al. [CMW99] call this independence independence in random sets, Klir [K1i06]
non-interactivity.
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Notice that for M = @) the concept coincides with Definition 9. In addition
to this, and this is even more important, it was proven in [JV] that this notion
meets all the properties required from the notion of conditional independence,
so-called semigraphoid properties ([Lau96, Stu93]):

A1l (symmetry): K I L|M[m] = L 1 K|M [m],
A2 (decomposition): K L LUM |J[m] = K 1L M |J[m],
A3 (weak union): K L LUM|J[m] = K 1L L|MUJ[m],
A4 (contraction): (K L L|MUJ[m]) & (K 1L M| J[m])
— K 1L LUM|J[m].

To be honest, we have to recall that all these properties (both the semi-
graphoid properties and the fact that the notion is a generalization of the
unconditional independence) hold true also for the concept of conditional in-
dependence used, for example, by Shenoy [She94] and Studeny [Stu93] (which
is the same as the conditional non-interactivity used by Ben Yaghlane et al.
in [YSMO02b]). In spite of the fact that their term is used also by several
other authors, we do not expect that it satisfies a characterization property
similar to the one proven below in Factorization lemma.

DEFINITION 11 (Simple factorization) Consider two nonempty sets K, L C
N. We say that basic assignment m factorizes with respect to (K, L) if it
satisfy the following two properties:

o for all A C Xgp, for which A # A @ AL m(A) = 0;
e there exist two nonnegative set functions
¢:P(Xk) — [0,400) and ¢ :P(Xy) — [0, +00),
such that for each A C Xy, for which A = A @ A we have

miHOE(4) = GAF) - p(AL)

LEMMA 12 (Factorization lemma) Let K, L C N be nonempty. m factorizes
with respect to (K, L) if and only if

K\L LL\K|KNL [m).
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Proof First notice that for A C Xxuy, for which A # A @ AL m(A) =
0 in both situations: when m factorizes with respect to (K, L) and when
K\L I L\ K|KNL [m]. So, to prove implication

K\L L L\K|KNnL[m] = m factorizes with respect to (K, L)

is trivial. It is enough to take

mlL

_ |L —
¢_m w_lemL7

(for mENE (KLY = 0 take § = 0).

To prove the opposite implication consider two functions ¢ and 1 meeting
the properties required by Definition 11, and consider an arbitrary A C
X xur, for which A = AY ® AL, Before we start computing the necessary
marginal basic assignments let us realize that

{BC Xgur: (B =B @ BI)&(BK = AK)}
= {AK @O (C CXp)&(CHENE = ALKNLYY

When computing

miK(AlK): Z leuL(B)
BCXkuL
BIK=ALK

we can summarize only over those B, for which B = B¥ @ Bl because if
B # B'¥ @ B!F | as it follows from Definition 11, m(B) = 0. So we get

miE(AK) = 3 B = T e(BY) - w(B)

BCXxurL BCXkuL
BlIK_—AlK BlIK_—AlK
B=B!KgBlL

= ). ¢A) ()
CCXy,
CLKNL_—ALKNL

= oAy Y W)
CCXp,
CLENL_AlKNL

Computing analogously m!*(A') one gets

mtE(AE) = ¢(Ar) - >, ¢
DCX g
DIKNL_-AlKNL
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Now, we have to compute m!E"E(AMENL) For this, realize again that
{BCXxup: (B=BY @ BIL)&(BKNL = AIKNLY)
={D®C: (D CXk)&(C C Xp)&(DEN = CIENL = AIKNL)Y
Using this we get

leﬂL(AiKmL) _ Z leuL(B)

BCXkur
BLKNL—ALlKNL

= > ¢(B) - (B
BCXkur
BLKNL_—ALKNL

B=BlK@B!\L

- S 4(D)-w(C)

DCXx cCX,
DLKﬂL:AlKﬁL ClKﬁL:AlKﬁL

> e |- > w(©)

DCX gk CCXp
DLIENL _ ALKNL CLENL_—ALKNL

To finish the proof it is enough to substitute into the formula from Defi-
nition 10, which is in this context in the form

mLKUL(A) . miKﬁL(AlKﬂL) _ le(ALK) -mlL(AlL),
the corresponding expressions computed above:

mLKUL(A) . mLKﬂL(AlKOL)

= ¢(A) - p(Alh) - Y. )| Y. v,
DlK?ng;iKﬁL CLKﬁCLg:;LlKﬂL

mHE(AM) bl (ALE)
A T )| ety > e(D)

CCXp, DCX g
CLKNL_AlKNL DIKNL_ AlKNL
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COROLLARY 13 Letmy, mo, mg, ... be a sequence of basic assignments each

of them factorizing with respect to (K, L). If this sequence is convergent then

also the limit basic assignment 4111_,1_1 m; factorizes with respect to (K, L).
J—T00

Proof Since the considered frame of discernment Xy is finite, it is obvi-

ous that convergence of mq,mo,... implies also the convergence of all its
. . . K 1L . IKNL
marginals, i.e. also lim m;™, lim m;” and lim m; . The assump-
Jj—+oo J—+oo J—+oo

tion of factorization of all m; says that, due to Lemma 12,

I|KUL |KNL K |L
m; m; =m; -m;,

and therefore also

lim mEY . lim B = lim . lim mtE
j—+o0 Jj—4o0 Jj—4o0 j—+o0 J

O

REMARK 14 The notion introduced in Definition 11 is an analogy to the
probabilistic simple factorization. Therefore, one can directly introduce also
recursive factorization and decomposition for Dempster-Shafer theory of evi-
dence. The problem whether analogical notions to multiple factorization and
marginal factorization are meaningful remains at the moment open.

5 Application of factorization to model construction

As said in Introduction, factorization is fully employed in probabilistic GMMs.
So it is quite natural, that some authors generalized the ideas of GMMs and
started considering analogous models within the framework of Dempster-
Shafer theory. In this paper, we shall go different way. We shall describe a
generalization of an alternative probabilistic approach, which is based on the
application of the operator of composition. After describing this operator,
we shall briefly illustrate its application to the construction of compositional
models in the framework of Dempster-Shafer.

Operator of Composition

Let K and L be two subsets of N. At this moment we do not pose any
restrictions on K and L; they may be but need not be disjoint, one may be
a subset of the other. We even admit that one or both of them are empty
but this is just a theoretical possibility without any practical impact®. Let
mq and my be basic assignments on X g and X, respectively.

6Notice that basic assignment m on Xy is defined m (@) = 1. Let us note that this is
the only case when we accept m(@) > 0, otherwise m() = 0 according to the classical
definitions of basic assignment and belief function, see [Sha76].
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DEFINITION 15 For two arbitrary basic assignments m; on Xg and msy
on Xy a composition my > msy is defined for all C' C X gy by one of the
following expressions:

[a] if mi%"E(CHENLY 5 0 and C = CHE @ CUE then

mq CE © M2 cE
(m1 >mo)(C) = Tr(L%KﬁL)(ClK(ﬁL) );

[b] if mi""E(CLENL) = 0 and C = CHE x X\ then

(m1 >my)(C) = my (CHF);

[c] in all other cases

(mq>me)(C) = 0.
REMARK 16 Notice what this definition yields in the following trivial situ-

ations:

e if K O L then my>mo = my (therefore, the operator of composition is
idempotent);

o if KNL =10 then for each C C Xk

my (CHE) - mo(CHF)  for C = CHE x CF,

0 otherwise,

my >mao(C) = {

(i.e. m1>mgy is a basic assignment of independent groups of variables
XK and XL).

REMARK 17 Before presenting basic properties of this operator, we stress
that

o operator > is different from the famous Dempster’s rule of combination”
(these two rules coincide only under very special conditions, for details
see [JV09]);

e it is neither commutative nor associative.

"Recall that, for example, in contrast to Dempster’s rule of combination, the operator
of composition is idempotent.
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Table 1. Basic assignments

{alag} 0.5 {ag} 0.5 {a2a3a4} 0.5
X1 X {(‘12} 0.5 {(_Zg} 0.5 {6_7,2&3} X X4 0.5

The following two assertions were proven in [JVDOT]

LEMMA 18 For arbitrary two basic assignments my on Xg and my on X,
the following properties hold true:

1. m1>mg is a basic assignment on XL ;
2. (m1 Dmg)lK =mi,

L|KNL IKNL
my ms .

8. mi>mg =mobmy <

LEMMA 19 For arbitrary basic assignment m on Xy (M = K U L) the fol-
lowing properties hold true:

1. miKDm:m;
2.m=m¥pem!l «— K\L 1L L\K|KnL[m].

Thus, having a finite system of (low-dimensional) basic assignment myq,
Mo, ..., my one can consider a (multidimensional) basic assignment

mibme>mg>...bmy, = (...((M1>m)>mg)>...>mMy).

(Since the operator is not associative we have to stress that the operator is
applied subsequently from right to left.) Such a basic assignment is called a
compositional model.

Example

Let for : = 1,2,3,4, X; = {a;,a;} and consider three basic assignments my,
ms and mg given in Table 1. Here we present only focal elements of the
respective basic assignments. This means that basic assignments equal 0
for all sets which are not presented in the tables. From the table we can
also see that my, mo and mg are basic assignments on X; X X5, X3 and
Xo x X3 x Xy, respectively. First, notice that the given basic assignments
are pairwise projective, i.e. m{{Z} = mé{Z} and mo = mé{g} (my and meq
are trivially projective because they are defined on disjoint spaces). This is
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because both m%m} and m:l,){?} acquire the same values for all (in our case
only two) focal elements:{as} and {as}

mi® ({az}) = mi™® ({a2}) = 0.5,
mi® ({az}) = mi™® ({az}) = 0.5,

and similarly

ma({as}) = mi® ({as}) = 0.5,
ma({as}) = mst™ ({as}) = 0.5.

Now, we shall show that, in spite of the mentioned projectiveness (and due to
the already mentioned non-associativity of the operator of composition), one
can construct two different models corresponding to permutations my, ms, ms
and mo, m3, m.

First, compute m1>ms. Since it is a composition of two basic assignments
defined on disjoint spaces, the number of focal elements of mj > mso equals
a product of numbers of focal elements of assignments m; and mso: 2 X 2 =
4. The respective values of the composed basic assignments are computed
according to case [a] of Definition 15:

m1<{a1a2}) . mg({ag,}) _ 0.5-0.5 _

(m1>mz)({arazas}) = m%m((b) 1 0.25,

_ mi({aiaz}) - ma({a 0.5-0.5
(m1>mg)({arazas}) = o ;}%é(m) 2(13:) _ T =025,
(m1 sz)(X1 X {@2a3}) = d (Xl X ij;(a}()@;mﬂ{%}) _ 0~5i0~5

= 0.25,

mq (Xl X {5,2}) . 77’@({@3}) _ 0.5-0.5
m3" (0) !
= 0.25.

(m1 Dmg)(Xl X {@2@3}) =

From this one immediately sees that also its marginal basic assignment (mj >
my )23} has four focal elements ({asas}, {asas}, {asas}, {azas}) and there-
fore (my>my)H?3} and m3 cannot be projective. Therefore, computation of
mq >me >m3 will be a little bit more complicated. Case [a] of Definition 15
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applies to two focal elements:

(mq > mg>ms)({arazaszas})
_ (m1 > mg)({alagag}) . mg({a2a3a4}) _ 0.25-0.5
iy ({azas}) 05

= 0.25,

(m1 ) [>m3>(X1 X {dgdg} X X4)
_ (m1 Dmg)(Xl X {d2d3}) -mg({deg} X X4) _ 0.25-0.5
mgt* ¥ ({azas}) 0.5
= 0.25.

Values of the remaining two focal elements are assigned according to case [b]
of Definition 15:

(m1 > meo D> mg)({alang} X X4) = (m1 > mg)({alagdg}) = 0257
(m1 > meo Dmg)(Xl X {&2&3} X X4) = (m1 DMQ)(Xl X {(_120,3}) = 0.25.

Computation of mg > mg > my is simple. Since my is marginal to mg it
follows from property (1) of Lemma 19 that mo > mg = mg. The remaining
computation of mg >m; consists in application of the formula from case [a]
of Definition 15 just to two focal elements {ajazazas} and Xy x {Goas} x Xy:

ms({agazas}) - my({a1az}) _05-05
it ({aa}) 05

=0.5,

(mg>my)({arazazas}) =

mg({@263} X X4) - My (Xl X {51,2})
m3* ({a,})

0505

05

(m3>my)(Xy x {Gsas} x Xy) =

0.5.

Table 2. Composed basic assignments.

C (my>mg>ms3)(C) | (me>ms>mq)(C)
{a1azazaq} 0.25 0.5
{a1azas} x X4 0.25 0
X1 x {agas} x Xy 0.25 0
X x {asas} x X4 0.25 0.5
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Both the resulting 4-dimensional basic assignments are recorded in Table 2
(recall once more that for all the other subsets of X; x Xg x X3 x Xy, different
from those included in Table 2, both the assignments equal 0).

6 Conclusions

Inspired by the (simple) factorization in probability theory, we have intro-
duced an analogous notion in Dempster-Shafer theory of evidence. We have
shown that it meets the basic property of probabilistic factorization that is
anchored in the assertion widely known as Factorization lemma. Existence
of its Dempster-Shafer version (presented here as Lemma 12) forms a new
evidence supporting the definition of conditional independence introduced
first in [Jir07]® and studied in more details in [JV] (see Definition 10). The
last section was included to persuade the reader that the notion of factoriza-
tion is not interesting only from the theoretical point of view but that it is
important also for applications, for multidimensional model construction.
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